Here’s my take on parts (b) and (c) of question 4 at the end of Chapter 1:

b. data = 2,12;
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c. data = 2,12; 
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It is useful to note that the data for the two problems are the same; the only difference is that the null hypotheses are different for the two problems.  Let’s do (b) first, so we can see what changes and what stays the same as we keep the same data but have a different null hypothesis in problem (c).

QUESTION (4b):

t-test:  

sample: y1 = 2; y2 = 12


[image: image3.wmf]
Assume that the null hypothesis 
[image: image4.wmf] is true.

By (this null) hypothesis, the mean of the population our 2 scores were sampled from is equal to 0.  We can estimate the standard deviation of this population:
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We can construct a distribution of sample means for n=2.  This distribution of sample means has the following mean and standard deviation:
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The t-score for our sample mean, then, is our sample mean minus the mean of the distribution of sample means (i.e., 
[image: image8.wmf]) all divided by the standard deviation of the distribution of sample means (i.e., the standard error of the mean) which we estimated above (i.e., 
[image: image9.wmf]):
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algebraic ANOVA:
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(NOTE:  We use the population mean in these formulas instead of 
[image: image13.wmf] because 
[image: image14.wmf] is just the best estimate of the population mean in oneway ANOVA.  In this one group test of a mean and a population mean, we have a population mean (so we have no need to estimate its value).)
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(As a check, we can verify that 
[image: image16.wmf] is equal to 
[image: image17.wmf].)

Because 
[image: image18.wmf], 
[image: image19.wmf] and 
[image: image20.wmf], and:
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(We can confirm that 
[image: image22.wmf]:  From the t-test above, 
[image: image23.wmf], so 
[image: image24.wmf].)

geometric ANOVA:

Please draw a pair of coordinate axes X1 (horizontal) and X2 (vertical).  Draw the mean line defined by X1=X2.  Let y1=2 be a point on the X1 axis, and let y2=12 be a point on the X2 axis – draw the data vector 
[image: image25.wmf].  Drop a perpendicular from the head of 
[image: image26.wmf] to the mean line; this line is the length and in the direction of the error vector 
[image: image27.wmf].  This error vector you just drew meets the mean line at the head of the mean vector 
[image: image28.wmf].  So 
[image: image29.wmf].  

Recall from above:
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[image: image31.wmf]
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The equivalence 
[image: image33.wmf] follows from the Pythagorean Theorem, because 
[image: image34.wmf], 
[image: image35.wmf], and 
[image: image36.wmf], and 
[image: image37.wmf] form a right triangle (in the figure you drew, if you followed the instructions above) with 
[image: image38.wmf] the hypotenuse.  We can compute the (squared) lengths of these three vectors, to confirm that we obtain the same 
[image: image39.wmf] that we obtained above:
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[image: image41.wmf]
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Remember that it is not an accident that these give the same results as the algebraic work we did above.  Consider 
[image: image43.wmf].  Rewriting 
[image: image44.wmf] as 
[image: image45.wmf] makes explicit the fact that 
[image: image46.wmf] is the squared deviation of 
[image: image47.wmf] from the origin along axis X1; similarly, rewriting 
[image: image48.wmf] as 
[image: image49.wmf] makes explicit the fact that 
[image: image50.wmf] is the squared deviation of 
[image: image51.wmf] from the origin along axis X2.  Note also that the origin is the reference point of relevance because the null hypothesis is 
[image: image52.wmf], i.e., the point on the mean line that the reference popluation’s mean falls on is (0,0).  See that you understand how this gives a geometric interpretation to:
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(Note especially that 
[image: image54.wmf]….)

Consider now 
[image: image55.wmf].  Rewriting 
[image: image56.wmf] as 
[image: image57.wmf] makes explicit the fact that 
[image: image58.wmf] is the squared deviation of 
[image: image59.wmf] from the origin along axis X1;  similarly, 
[image: image60.wmf] is the squared deviation of 
[image: image61.wmf] from the origin along axis X2.  Clearly, this is related directly to:
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(Note: 
[image: image63.wmf])

Finally, consider 
[image: image64.wmf], which is clearly related to:


[image: image65.wmf],

especially the fact that 
[image: image66.wmf].

Clearly, it is no accident that 
[image: image67.wmf], 
[image: image68.wmf], and 
[image: image69.wmf].  These relations are direct.  The geometric approach gives a direct geometric interpretation of the algebraic formulas.  This exposition – especially the rewriting of 
[image: image70.wmf] as 
[image: image71.wmf] and 
[image: image72.wmf] as 
[image: image73.wmf] in the computation of 
[image: image74.wmf], and the rewriting of 
[image: image75.wmf] as 
[image: image76.wmf] in the computation of 
[image: image77.wmf] -- will be especially important when we move on to (c) below.  

Finally, as in the algebraic approach, because 
[image: image78.wmf], 
[image: image79.wmf] and 
[image: image80.wmf], and 
[image: image81.wmf]
QUESTION (4c):

I will keep the exposition to a minimum, since much of it would just repeat what is discussed above.  I’ll just run the numbers and comment on thing to pay attention to.  Try to keep in mind how things are similar among the t-test, algebraic ANOVA and geometric ANOVA approaches, but also how things are similar (and different) between questions (b) in which 
[image: image82.wmf], and question (c) in which 
[image: image83.wmf].

t-test:  

sample: y1 = 2; y2 = 12
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Assume that the null hypothesis 
[image: image85.wmf] is true.
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We can construct a distribution of sample means for n=2.  This distribution of sample means has the following mean and standard deviation:
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The t-score for our sample mean, then, is our sample mean minus the mean of the distribution of sample means (i.e., 
[image: image90.wmf]) all divided by the standard deviation of the distribution of sample means (i.e., the standard error of the mean) which we estimated above (i.e., 
[image: image91.wmf]):
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algebraic ANOVA:
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(NOTE:  This is where it is important that we use the population mean 
[image: image95.wmf] in these formulas instead of 
[image: image96.wmf].)
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(As a check, we can verify that 
[image: image98.wmf] is equal to 
[image: image99.wmf].)

Because 
[image: image100.wmf], 
[image: image101.wmf] and 
[image: image102.wmf], and:
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(We can confirm that 
[image: image104.wmf]:  From the t-test above, 
[image: image105.wmf], so 
[image: image106.wmf].)

geometric ANOVA:

Please draw a pair of coordinate axes X1 (horizontal) and X2 (vertical).  The origin is NOT the relevant point, as it was in question (b) – the population mean is at (100,100), not at (0,0)!  One simple way to proceed is to translate the coordinate system by shifting the coordinate system so that the origin (0,0) falls where (100,100) used to be.  This may be done by subtracting the vector (100,100) from the data vector and from the vector (100,100).  The result is that the old data vector (2,12) becomes (2,12) – (100,100) = (2-100,12-100) = (-98,-88), and that the old vector (100,100) becomes (100,100) – (100,100) = (100-100, 100-100) = (0,0).  Now do the problem as you did (b), but with the data vector (-98,-88):

Draw the mean line defined by X1=X2.  Let y1=-98 be a point on the X1 axis, and let y2=-88 be a point on the X2 axis – draw the data vector 
[image: image107.wmf].  Drop a perpendicular from the head of 
[image: image108.wmf] to the mean line; this line is the length and in the direction of the error vector 
[image: image109.wmf].  This error vector you just drew meets the mean line at the head of the mean vector 
[image: image110.wmf].  So 
[image: image111.wmf].  

Recall from above:
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The equivalence 
[image: image115.wmf] follows from the Pythagorean Theorem, because 
[image: image116.wmf], 
[image: image117.wmf], and 
[image: image118.wmf], and 
[image: image119.wmf] form a right triangle (in the figure you drew, if you followed the instructions above) with 
[image: image120.wmf] the hypotenuse.  We can compute the (squared) lengths of these three vectors, to confirm that we obtain the same 
[image: image121.wmf] that we obtained above:
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[image: image124.wmf]
Finally, as in the algebraic approach, because 
[image: image125.wmf], 
[image: image126.wmf] and 
[image: image127.wmf], and 
[image: image128.wmf].

Please try to get as good understanding of what’s going on across t-tests, algebraic ANOVA, and geometric ANOVA (i.e., what’s the same; what’s different), and also what’s going on across (b) and (c) (i.e., what’s the same; what’s different).  

That all said, I’ll leave question (a) for you, i.e., in which 
[image: image129.wmf]
� Can you think of another way to proceed?  Work through the problem and see if you can think of one.
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